A mechanism for intermittency in spatial distribution of small inertial particles advected by a turbulent incompressible fluid flow is discussed. The mechanism is related to self-excitation (i.e., exponential growth without an external source) of fluctuations of concentration of small particles in a turbulent fluid flow. The effect is caused by the inertia of particles which results in a divergent velocity field of particles. An equation for the high-order correlation functions of concentration of small inertial particles is derived. It is shown that the growth rates of the higher moments of particle concentration are higher than those of the lower moments, i.e., particle spatial distribution is intermittent. Similar phenomena occur for noninertial admixtures advected by divergent turbulent velocity field. Without an external source the second moment of the passive scalar distribution in incompressible turbulent fluid flow can only decay due to turbulent diffusion [5] . Recently, it was found [6] that compressibility (i.e., divv≠ r͞≠t fi 0͒ of a turbulent fluid flow results in a strong inhibition of the diffusion of the second moment of mass concentration C m p n p ͞r for large Peclet numbers. Here v and r are the velocity and density of the fluid, m p and n p are the mass and number density of particles. However, a feasibility of self-excitation (i.e., exponential growth) of passive scalar fluctuations without an external source remained unexplored.
Study of passive scalar fluctuations in a turbulent fluid flow is important in view of numerous applications [1] . The nature of the intermittency of scalar field passively convected by a fluid in the presence of an external source of passive scalar fluctuations was elucidated recently (see, e.g., [2] [3] [4] ).
Without an external source the second moment of the passive scalar distribution in incompressible turbulent fluid flow can only decay due to turbulent diffusion [5] . Recently, it was found [6] that compressibility (i.e., divv≠ r͞≠t fi 0͒ of a turbulent fluid flow results in a strong inhibition of the diffusion of the second moment of mass concentration C m p n p ͞r for large Peclet numbers. Here v and r are the velocity and density of the fluid, m p and n p are the mass and number density of particles. However, a feasibility of self-excitation (i.e., exponential growth) of passive scalar fluctuations without an external source remained unexplored.
The main purpose of this Letter is to discuss an effect that causes a self-excitation (i.e., exponential growth) of fluctuations of inertial particle concentration in a turbulent fluid flow without an external source. This effect is responsible for the intermittency in particle spatial distribution. In particular, we have shown that the growth rates of the higher moments of particle concentration are higher than those of the lower moments.
Evolution of the number density n p ͑t, r͒ of small particles in a turbulent flow is determined by the equation,
where v p is a random velocity field of the particles which they acquire in a turbulent fluid velocity field and D is the coefficient of molecular diffusion. We consider the case of large Reynolds and Peclet numbers. The velocity of particles v p depends on the velocity of the fluid, and it can be determined from the equation of motion for a particle: dv p ͞dt ͓v 2 v p ͔͞t p , where t p is the Stokes time. In this study we consider incompressible turbulent flow = ? v 0. However, the velocity field of particles is compressible, i.e., = ? v p fi 0. Indeed, a solution of the equation of motion for particles can be written in the form v p v 1 t p f͑v, t p ͒. The second term in this solution describes the difference between the local fluid velocity and particle velocity arising due to the small but finite inertia of the particle. We calculate the divergence of the equation of motion for particles, and, after simple manipulation, we obtain
(2) When t p is very small Eq. (2) coincides with the results obtained in [7] . The Navier-Stokes equation for the fluid yields = ? ͓͑v ? =͒v͔ 2DP͞r, where P is the pressure of a fluid. From the latter equation and Eq. (2) it is seen that = ? v p fi 0 although for the fluid = ? v 0.
Divergent velocity field of inertial particles is the main reason for a new effect, i.e., self-excitation (exponential growth) of fluctuations of concentration of small particles in a turbulent incompressible fluid flow. Indeed, multiplication of Eq. (1) by n p and simple manipulations yield
where S n homogeneous distribution of inertial particles can grow in time, i.e., ͑≠͞≠t͒ R n 2 p d 3 r . 0. However, the total number of particles is conserved. Averaging Eq. (3) over a volume V ‫ء‬ , we obtain ≠͗n
Here we used (6) for r 0͔.
Now we discuss the physics of self-excitation (exponential growth) of fluctuations of particle concentration. The inertia causes particles inside the turbulent eddy to drift out to the boundary regions between eddies (the regions with decreased velocity of the turbulent fluid flow and maximum pressure of the fluid). Indeed, Eq. (2) shows that particle inertia results in = ? v pt p DP͞r. On the other hand, for large Peclet numbers
Thus there is accumulation of inertial particles (i.e., dn p ͞dt . 0͒ in regions with the maximum pressure of a turbulent fluid (i.e., where DP , 0͒. Similarly, there is an outflow of inertial particles from the regions with the minimum pressure of fluid.
This mechanism acts in a wide range of scales of a turbulent fluid flow. Turbulent diffusion results in the relaxation of fluctuations of particle concentration in large scales. However, in small scales where turbulent diffusion is of the order of molecular diffusion, the relaxation of fluctuations of particle concentration is very weak. Therefore the fluctuations of particle concentration are localized in the small scales.
This phenomenon is considered for the case when the density of fluid is much less than the material density of particles ͑ r ø r p ͒. However, the results of this study can be easily generalized to include the case r $ r p using the equation of motion of particles in fluid flow presented in [1] . This equation of motion takes into account contributions due to the pressure gradient in the fluid surrounding the particle (caused by acceleration of the fluid) and the virtual ("added") mass of the particles relative to the ambient fluid. The results for r $ r p coincide with those obtained for the case ͑ r ø r p ͒ except for the transformation t p ! bt p , where
For r $ r p the value dn p ͞dt~2bt p DP͞r. Thus there is an accumulation of inertial particles (i.e., dn p ͞dt . 0͒ in regions with the minimum pressure of a turbulent fluid since b , 0.
To study the fluctuations of inertial particle concentration we derive an equation for the high-order correlation function of particle concentration. For this purpose we use a method of path integrals (Feynman-Kac formula) [6, [8] [9] [10] . The use of the technique described in [6, 8] allows one to derive an equation for the high-order correlation function
where
͑i͒ , y x ͑ j͒ , N ͗n p ͘ is the mean particle concentration, I is a source which depends on N and the structure functions of the lower orders, v p V 1 u, V ͗v p ͘ is the mean velocity, u is the random component of the velocity of particles, b = ? u, and t is the momentum relaxation time of the turbulent velocity u, which depends on the scale of turbulent motions. We use here for simplicity the d-correlated in time random process to describe a turbulent velocity field. However, the results also remain valid for the velocity field with a finite correlation time, if the high-order correlation functions F s vary slowly in comparison with the correlation time of the turbulent flow (see, e.g., [8] ). We seek a solution to Eq. (5) without the source I in the form F s Q s i,j F 2 ͑x ͑i͒ 2 x ͑ j͒ ͒ exp͑g s t͒, where i fi j. Substitution of this solution into Eq. (5) yields g s s͑s 2 1͒g 2 ͞2. This equation implies that, if the second moment of the particle concentration grows ͑g 2 . 0͒, then all high-order correlation functions grow. It is shown below that under certain conditions g 2 . 0. Note that the higher moments grow faster than the lower moments of particle concentration (i.e., g s . sg 2 ͞2͒. Therefore spatial distribution of fluctuations of particle concentration is intermittent. Since g s . g s2k (where 0 , k , s͒, a contribution of the source I into the obtained general solution is not essential.
Now we study the evolution of the second-order correlation function of particle concentration F ϵ F 2 . Equation (5) 
where T mn D mn ͑0͒ 2 D mn ͑r͒, r y 2 x, and I 2 2͗tb͑x͒b͑ y͒͘N 2 . Equation (6) for b 0 was first derived by Kraichnan (see [5] ). In this particular case, b 0, this equation describes a relaxation of the second moment of particle concentration. On the other hand, when b fi 0, i.e., when the velocity of particle is divergent, Eq. (6) implies a new effect of self-excitation (exponential growth) of fluctuations of particle concentration caused by the second term in (6) . In particular, when r ! 0, the second moment can grow (i.e., ≠F͞≠t . 0͒ due to the second term in Eq. (6) which is proportional to ͗͑= ? v p ͒ 2 ͘. We consider a homogeneous and isotropic incompressible turbulent velocity field of fluid. In this case, the particle velocity field is also homogeneous and isotropic; however, it is compressible, i.e., = ? v p fi 0. The correlation function of a compressible homogeneous and isotropic random velocity field was derived in [6] . The second moment for the particle velocity can be chosen in the same form (see below):
(for details see [6] ), where F 0 dF͞dr, F͑0͒ 1 2 F c ͑0͒, and D T u 0 l 0 ͞3. The function F c ͑r͒ describes the potential component, whereas F͑r͒ corresponds to the vortical part of the turbulent velocity of particles.
We seek a solution to the equation for F without the source I 2 in the form,
where g ϵ g 2 . The substitution of (8) into Eq. (6) yields an equation for the unknown function C͑r͒:
and distance r is measured in units of l 0 , time t is measured in units of t 0 , and Pe l 0 u 0 ͞D ¿ 1 is the Peclet number. Now we discuss the above model of a random velocity field of inertial particles. Consider a case when t n ø t p ø t 0 , and the particle radius a ‫ء‬ ø l n , where t n is the correlation time in the viscous dissipation scale l n of a fluid flow. The viscous scale is l n ϳ Re 21͑͞32p͒ , where Re l 0 u 0 ͞n ¿ 1 is the Reynolds number, n is the kinematic viscosity of the fluid and p is the exponent in the spectrum of the turbulent kinetic energy of fluid. This model is valid when the material density r p of particles is much larger than the density r of fluid. We introduce a scale r a in which t p t͑r r a ͒, where l n ø r a ø 1, and t͑r͒ is the correlation time of the turbulent fluid velocity field in the scale r. In the range r a ø r , 1 the effect of inertia of particles is very small, and particle velocity is close to the fluid velocity. In this case, F 1 2 r q21 1 O͑t 2 p ͞t 2 0 ͒ and F c O͑t 2 p ͞t 2 0 ͒, where q 2p 2 1. The exponent p in the spectrum of kinetic turbulent energy is different from that of the function ͗tu m u n ͘ due to the scale dependence of the momentum relaxation time t of the turbulent velocity of fluid [11] . Thus, in the scales r a ø r , 1, the effects of compressibility of the particle velocity field is negligible.
On the other hand, in scales l n ø r , r a the effect of inertia is important so that = ? v p fi 0. In these scales incompressible F͑r͒ and compressible F c ͑r͒ components of the turbulent velocity field of particles can be chosen as F͑r͒ ͑1 2´͒͑1 2 r q21 ͒, and F c ͑r͒ ´͑1 2 r q21 ͒. We take into account that in the equation of motion for particles dv p ͞dt ͑v 2 v p ͒͞t p the last term jv p ͞t p j ø jdv p ͞dtj in the scales l n ø r , r a . In this case the equation of motion for particles coincides with NavierStokes equation for fluid in the inertial range (where the viscous term is dropped out) except for the term~=P. In the latter equation for particles the term v͞t p can be interpreted as a stirring force. Thus in this case it is plausible to suggest that the exponent in the spectrum of the second moment for particle velocity coincides with that of the turbulent fluid velocity. However, j= ? v p jj = ? ͓͑v p ? =͒v p ͔j fi 0.
We consider the case of large Schmidt numbers, Sc n͞D ¿ 1. This condition is always satisfied for Brownian particles. The solution of Eq. (9) can be obtained using an asymptotic analysis (see, e.g., [6] ). This analysis is based on the separation of scales. In particular, the solution of the Schrödinger equation (9) with a variable mass has different regions where the potential U͑r͒, mass m͑r͒, and eigenfunctions C͑r͒ are different. The solutions in these different regions can be matched at their boundaries. Note that the most important part of the solution is localized in small scales (i.e., r ø 1͒. The results obtained by this asymptotic analysis are presented below.
The solution of Eq. (9) for l n # r ø r a yields the function F͑t, r͒ F͑r͒ exp͑gt͒, wherẽ F͑r͒ A 1 r 2a cos͑c ln r 1 w 1 ͒, and a ͑2q 2 sq 1 ͒͞ 4͑1 1 qs͒, s ´͑͞1 2´͒, and c ͓͑q 2 3a͒ ͑q 1 a͒͞3͔ 1͞2 , q 1 q 2 1 3q 2 6.
Note that q . 3a and a . 0. This yields the range of values of s: 2q͞q 2 , s , 2q͞q 1 , where q 2 7q 2 
Parameters A 1 and w 1 are determined by conditionsF͑r l n ͒ 1 and dF͞dr͑r l n ͒ 0. In the range r a ø r ø 1 the functionF͑r͒ A 2 1 A 3 r 2q . In large scales, i.e., r ¿ 1, functions F͑r͒ and F c ͑r͒ tend to zero and therefore 1͞m͑r͒ ! 2͞3 and U ! 0. The solution of Eqs. (8) and (9) in this range is given bỹ F͑r͒ A 4 r 21 exp͑2r p 3g͞2͒, where we consider a case g $ 0. Parameters A 2 , A 3 , A 4 , and the growth rate of fluctuations g are determined by matching functionsF͑r͒ andF 0 at r ഠ r a and r ഠ 1. In particular, the growth rate of fluctuations of particle concentration is given by 
where k 1, 2, 3, .... When t p $ t 0 in Eqs. (10) and (11) r a is set equal to 1. This analysis shows that the characteristic scales of localization of the fluctuations are of order l f ϳ r a exp͑pn͞c͒, where n # k. Thus we have shown that the fluctuations of particle concentration can be excited without an external source. Remarkably, a condition for the exponential growth of the mean concentration of inertial particles requires gradients of the external fields (temperature or pressure) and inhomogeneous turbulent fluid flow [10] . Thus inertia of particles in a turbulent fluid flow results in formation of large-scale (mean field) inhomogeneities in the spatial distribution of particle concentration in the vicinity of the minimum (or maximum) of the mean temperature of the fluid, depending on the ratio of material particle density to that of the fluid [10] .
The analyzed effect of self-excitation (exponential growth) of fluctuations of particle concentration is important in turbulent fluid flows of a different nature with inertial particles or droplets (e.g., in atmospheric turbulence, combustion, and in a laboratory turbulence). In particular, this effect causes the formation of inhomogeneities in the spatial distribution of fuel droplets in internal combustion engines. Indeed, characteristic parameters of turbulence in a cylinder of an internal combustion engine are maximum scale of turbulent flow l 0 ϳ 0.5 1 cm; velocity in the scale l 0 , u 0 ϳ 100 cm͞s; Reynolds number Re ϳ ͑0.7 7͒ 3 10 3 . When the exponent of the spectrum of turbulent kinetic energy of fluid p 5͞3 and the degree of compressibility of particle velocity field s 0.3, we obtain from Eq. (11) that the critical Reynolds number Re ͑cr͒ ϳ 200 for a ‫ء‬ 30 mm. Since Re . Re ͑cr͒ , the fluctuations of droplet concentration can be easily excited in a cylinder of an internal combustion engine. The excited fluctuations are localized in scales ϳ0.6 3 10 22 cm. The self-excitation of fluctuations of particle concentration is observed in atmospheric turbulence. Using the parameters of the atmospheric turbulent boundary layer, u 0 ϳ 30 100 cm͞s, l 0 ϳ 10 3 10 4 cm, we find that the excited fluctuations of particle concentration are localized in scales ϳ0.3 1 cm. This effect causes formation of small-scale inhomogeneities in droplet clouds ("inch clouds") which were discovered recently [12] .
In summary, it is demonstrated that inertia of particles in a homogeneous and isotropic incompressible turbulent fluid flow causes a self-excitation of fluctuations of particle concentration. The growth rates of the higher moments of particle concentration are higher than those of the lower moments, i.e., particle spatial distribution is intermittent. This process can be damped by the nonlinear effects (e.g., two-way coupling between fluctuations of particle concentration and turbulent fluid flow). When the particle velocity field is divergence free, i.e., = ? v p 0, all the moments of the concentration field do not grow, and there is no intermittency without an external source of fluctuations of particle concentration. When the inertia effect is negligible (e.g., for a small size of particle or gaseous admixture) but the fluid velocity field is divergent, i.e., = ? v fi 0, the moments of the concentration field grow, and there is intermittency without an external source of fluctuations of particle concentration. In this case, Eqs. (10) and (11) with r a 1 determine the growth rate of fluctuations of particle concentration and the critical Reynolds number, respectively.
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